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Qh! The SL(2, 2) duality transformations of type IIB supergravity are shown to be 

anomalous in generic F-theory backgrounds due to the anomalous transformation of the 
phase of the chiral fermion determinant. The anomaly is partially cancelled provided the 
ten-dimensional type IIB theory lagrangian contains a term that is a ten-form made out 
of the composite U(l) field strength and four powers of the curvature. A residual anomaly 
remains uncancelled, and this implies a certain topological restriction on consistent back- 
grounds of the euclidean theory. A similar, but slightly stronger, restriction is also derived 
from an explicit F-theory compactification on K3 x M 8 (where M 8 is an eight-manifold 
with a nowhere vanishing chiral spinor) where the cancellation of tadpoles for Ramond- 
Ramond fields is only possible if M 8 has an Euler character that is a positive multiple of 
24. The interpretation of this restriction in the dual heterotic theory on T 2 x M 8 is also 
given. 
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1. Introduction 

The unravelling of the discrete local gauge symmetries of string theory may provide 
significant clues concerning its underlying geometric structure. We will here be concerned 
with how the SL(2, ~K) symmetry of type IIB string theory is consistently realized upon 
compactification. 

Classical type IIB supergravity |I],0,|3],[|] is invariant under a global SX(2,IR) sym- 
metry. In a gauge invariant formulation of the theory there are three scalar fields that 
parametrise an £X(2,IR) matrix while the chiral fermionic fields transform under a local 
U(l) (or 0(2)) symmetry but are inert under the global «SX(2,IR) transformations. Upon 
fixing the gauge the U(l) is identified with a subgroup of SL(2, IR) and one of the scalars 
is eliminated. The two remaining scalars parametrise the coset space SL(2,JR)/U(1), or 
the upper- half plane. In this case a general SL(2, IR) transformation must be accompanied 
by a compensating U(l) gauge transformation in order to maintain the gauge condition. 
This induces a nontrivial SX(2,IR) transformation on the fermion fields. Of course, the 
consistency of this procedure requires that the U(l) symmetry is not anomalous. The 
structure of the IIB theory and the gauge fixing procedure will be reviewed in section 2. 

The continuous SL(2,JR) symmetry of the classical supergravity does not survive in 
the quantum theory since it is not preserved in the string extension of type IIB supergrav- 
ity. Indeed it is well known || that the classical superstring is not invariant under the U(l) 
subgroup of SL(2, IR) that rotates the two supercharges into each other. Since the two su- 
percharges move in opposite directions on the world-sheet the theory is only invariant under 
a discrete subgroup of this U(l) which interchanges the two supercharges and reverses 
the direction a. It is also well-established by now that the SL(2, IR) symmetry of classical 
IIB supergravity is actually replaced by a discrete SL(2, ~K) local symmetry in string theory 
||. Thus, the moduli space of the scalar fields becomes SL(2, ~K)\SL(2, M)/{7(1) and the 
symmetry that acts on the supercharges is the intersection of U(l) with SL(2, 2). 

In this paper we analyse an anomaly in the action of the SL(2, Z) duality symmetry 
group. This anomaly can be understood to originate from an anomaly in the conservation 
of the local chiral U(l) current that will be exhibited in section 3.i There we will evaluate 
an anomalous hexagon diagram coupling the divergence of the current to four gravitons 
and to the current itself. As expected, the anomaly is cancelled provided the action 
contains a certain local interaction, S' . This term breaks the SX(2,1R) symmetry of the 

3 This U(l) anomaly was originally obtained in 0. 



1 



theory, but the anomaly of an SL(2, 2) subgroup is partially cancelled provided that the 
ten-dimensional type IIB action contains a term of the form 

S" = — [ d 10 x In g(r, f)FA X S (R) . (1.1) 
4tt J 

Here F is the U(l)- field strength, X$(R) is an eight-form linear combination of Pontryagin 
classes, and g is a function of r that is not determined uniquely by these considerations 
alone. This term cancels the SL(2, 2) anomaly up to r-independent terms, and the con- 
dition that the whole SL(2, 7L) symmetry is unbroken becomes 

-3- / d 10 x F A X 8 (R) E ML . (1.2) 

47T J 

For the case of an F-theory compactification on the product of an elliptically fibered K% 
tensored with a euclidean eight- manifold, M 8 , (1.2) simplifies to the condition that the 
Euler character of M 8 is a multiple of 24. This condition is reminiscent of the conditions for 
consistent compactifications of type IIA superstring theory to two dimensions || , M-theory 
to three dimensions || and F-theory to four dimensions |1G|| , where the consistent eight- 
manifolds were restricted to have Euler numbers that are positive multiples of 24 (although 
our anomaly considerations do not, by themselves, require positivity of the Euler number). 

These F-theory compactifications raise further consistency questions concerning the 
cancellation of tadpoles that arise from wrapping D-branes around homology cycles. We 
will study this in some detail in section 4 for the example of F-theory compactified on 
K3 x M 8 . In that case there are 24 seven-branes that wrap around M 8 and give tadpoles 
for C^ 4 ) and C*- ** (the Ramond-Ramond, or TZ (g> 7Z, four- form and zero- form potentials). 
These tadpoles must be cancelled by adding a (integer) number of three-branes and D- 
instantons. The condition that this is possible is once again that % be a multiple of 24. 
However, now \ is also required to be positive and, in fact, the number of D-instantons is 
precisely x/24. 

Both the anomaly and the tadpole analysis also have analogues in terms of the 
heterotic string compactified on T 2 which will be discussed in section 5. 



2. Fields and gauge fixing of type IIB supergravity 

The covariant field equations of IIB supergravity are invariant under global SL(2, IR) 
transformations |||| . There is a well-known problem in formulating a globally well-defined 
lagrangian for the IIB theory due to the presence of the self-dual five-form field strength. 
However, since this field does not play a role in the following, we can proceed as if there 
were a lagrangian (although the description of the anomaly does not actually require an 
explicit lagrangian jnj). 
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2.1. Symmetries and fields 

The scalar field coset space SX(2,H)/L/(1) may be described in the usual manner 
by a zweibein, V" (a,i = 1, 2), with components, 



1 f T2 cos 4> + T\ sin (f) —Ti sin + n cos < 



(2.1) 



\ sin0 cos0 

which is a SX(2,]R) matrix. Introducing a complex basis, 

V£ = (-2Z)" 1 / 2 (Kf ± iVi a ) , (2.2) 

V may be written as 

*± - y V 2 y2 J = (-2ir 2 ) ^ e ^ J • (2.3) 

The complex scalar r parametrises the Poincare upper-half plane and <p is an angular field 
(0 < (f) < 2n). The global SX(2,]R) transformations act on the matrix V from the left (so 
that V± transforms as a vector). The £7(1) subgroup of SL(2,TR) that acts locally consists 
of the real matrices 

cos E — sin E \ , , 

sin E cos E J ' 

which are rewritten in the complex basis as 

-»E o \ 

£)■ (2 ' 6) 

where < E < 2% is an angle; this subgroup acts on V from the right (and thus on the 
index ± as V± — > V±e ±lT '). Therefore, a general >SL(2,IR) x £7(1) transformation acting 
on V gives 

V£ = U a p V[e ±l ^ , (2.6) 
where U°p is a constant SL(2, IR) matrix, 

and a, 6, c and <i are real numbers satisfying ad — bc = 1. Gauge invariance of the classical 
theory will allow one of the three scalars to be eliminated from V±. 



The SX(2,]R)-smglet combination, 



Qtj, = — ieapV^V* 

d,n (2-8) 



2r 2 



acts as a composite gauge potential since it transforms as 5Q fl = <9 M £ under the local £7(1) 
transformation in (2.6). The scalar fields also package together into a complex 5X(2,1R)- 
invariant combination, P M , defined by 

,V (2-9) 
2r 2 ' 



which transforms under U(l) as — > e 2lS P M . This means that its U(l) charge is 2, while 
the complex conjugate field, P* , has charge —2. The abelian field strength satisfies 



idr A dr 
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F = dQ = -iP A P* = ^ 2 , (2.10) 



which follows from the definitions (2.8) and (2.9). 

The other bosonic fields of type IIB supergravity are neutral under the local U(l). 
The two components of the second-rank antisymmetric tensor potential, A™„, form a 
SX(2,IR) vector and transform as A'^ u = TJ a ^A^ . The real metric, g^, is neutral under 
both the £7(1) and the SX(2,]R) as is the real fourth-rank antisymmetric tensor potential, 

CM 

Turning to the fermions, the two gravitini form a complex conjugate pair of spin-3/2 
gravitino fields, Vv an d V£> with U(l) charges ±1/2, while the two spin- 1/2 dilatino fields 
form a complex conjugate pair of opposite chirality, A and A*, with U(l) charges ±3/2, 



<%=^£VV, 5\ = ~iZ\. (2.11) 



2.2. £7(1) gauge fixing 



In the classical supergravity theory the local £7(1) symmetry can be used to eliminate 
the field 0, one of the three scalar fields that parametrise the SX(2,H) group manifold. 
This is achieved by a choice of 'gauge fixing condition' = <p{r). In the gauge fixed theory, 
the field V± transforms under a global SX(2,1R) transformation as in (2.6), where E(x) is 



chosen so as to reinstate the gauge fixing condition. More explicitly, under the action of 
A we find that 



AVS = (-2i(Ar) 2 r^^_ MT)) A - (t) _ 7) ), (2.12) 
where At denotes the standard action of SL(2, M) on the modular parameter r, 

Ar = ^±l where A=( U *V (2.13) 



and 

\cr + dj 



The compensating gauge transformation is therefore 

g iE A _ e i(7(A,T)+£(Ar)-0(T)) ^ ( 2 .15) 

and the scalars transform as in (2.13). In general, the compensating U(l) transforma- 
tion (2.15) is non-trivial, and since the local U(l) acts on the fermions, they themselves 
transform non-trivially under SX(2,1R) transformations. 

The above construction is covariant under the adjoint action of SX(2,IR) since if 
we gauge by an £7(1) subgroup that is obtained from (2.4) by conjugation by an element 
M G SL(2,M), S'(E) = M~ l S{T)M, then the action of A e 5L(2,H) on r' (where r' is 
defined by MV(t, cfyM' 1 = V(t', fy)) is given as 

-'■ " V + ,/ where MAM -1 = { a \ b '). (2.16) 



c't' + d' * ' V r ' 

3. The anomaly 

A striking feature of type IIB supergravity (and superstring theory) is the fact that 



all the local gravitational anomalies cancel [11]. However, the question of anomalies in the 



(chiral) U(l) symmetry requires separate attention. A space-time dependent U(l) anomaly 
would be a disaster since it would prevent the elimination of the redundant bosonic field 
and hence would change the particle content of the theory. One way to see that this 
cannot happen is to use the method of descent Q,ff3],OJI^,ff6| from twelve dimensions 



together with the fact that there is no appropriate invariant twelve- form [ I7[ . The obvious 



candidate twelve- forms would have been tri? 4 A F 2 and (trR 2 ) 2 A F 2 , where the curvature 
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two-form is defined in the usual manner. However, due to the fact that F = —iP A P*, 
these expressions vanish identically. The analysis of the anomaly below will show directly 
how the potential local anomaly is cancelled by a local counterterm. 

To begin with, consider the variation of the generating function under a local U(l) 
transformation, which may lead to a non-zero divergence of the U(l) current, 

^ = ^T^p+^A. (3.1) 

At the linearized level the one-loop diagrams that can give anomalous results must have 
at least six vertices. The particles circulating around the diagrams are the chiral fermion 
fields, ipfj, and A. Since the chiral ten-dimensional self-dual antisymmetric tensor is neutral 
under the U(l) it does not contribute to the anomaly. In a general gauge there may be 
contributions from diagrams with four external gravitons one P line and one P* line in 
addition to the vertex coupling to <9 M J M ; this is a heptagon diagram. Since there is a vertex 
in the theory that couples a P to a tp and A field such diagrams are rather complicated. 
There are also familiar hexagon diagrams with <9 M J M coupling to four external gravitons 
and one external Q vertex, which couples to the U(l) charge of the chiral fermions. Apart 
from the fact that is a composite gauge field the structure of these diagrams is very 



similar to the mixed anomaly diagrams considered in [jljj . The complete anomaly is given 
by the sum of diagrams with all permutations of the external legs. 

Things simplify in the Feynman gauge for the gravitino (which is the gauge implicitly 



used in [11]] and formulated more explicitly in |L8| ) . This is the gauge in which the gravitino 
propagator is A MI/ = 5^ u (7 ■ p)~ x and in which there is a bosonic spin-i ghost field that 
has the opposite chirality but the same U(l) charge as the gravitino. In this gauge the 
heptagon diagrams do not contribute to the anomaly and the only contributions come from 
the expected hexagon diagrams. 

The calculation is standard and leads to an anomalous phase of the variation of the 
partition function under a local U(l) transformation which is given by 

A = - (2^)5 / dl ° x (§A/a (R, 3F/2) - l% =10) (R, F/2)j E(s) , (3.2) 

where the coefficients arise from the U(l) charges that enter at two vertices in the hexagon 
diagram and / is defined as in [JTJ . The integral is a linear combination of the index of the 
twisted Dirac operator acting on a charge-3/2 Dirac fermion (with density /^(-R, 3F/2)) 
and on a charge-1/2 Rarita-Schwinger fermion (with density Iy' 2 ^ 10 \R, F/2)), which is 



defined to include the contribution of the Fadeev-Popov ghost and where the superscript 
indicates the dimension of the tangent space) . Since the integration is ten-dimensional and 
since F n = for n > 1, only ten- forms linear in F in the expansion contribute, 

I 1/2 (R,F) =I 1/2 (R)AF 

1 (3-3) 

= 5760 (7 ^- 4 ^ AF ' 
where the p n are the usual Pontryagin polynomials, 

! . ^ ^ • • I i i 

i<j 



and Xi are the skew eigenvalues of the curvature two form, which is a S'O(IO) matrix. The 
expression Ii/ 2 (R) is the eight-form contribution to the Dirac genus. The contribution 
from the chiral gravitino field combined with its bosonic ghost (of the same U(l) charge) 
is given by (taking care to set D = 10 in the dimension-dependent term) 

i^°\R,F)^ \R)AF 

1 (3-5) 
(303p? - 996p 2 ) A F. 



5760 



Substituting these expressions into (3.2) and reexpressing the pi in terms of the curvatures 
gives the local U(l) anomaly in the form 

1 f Af!v-!c)A^w 



(2tt) 5 J V 4 ' 4 3/2 



1 1 

(2tt) 5 96 



(4p2-Pi) AFS(x) (3.6) 



d lu x tr.R 4 - -(trR 2 Y AFS(i) . 



(2tt) 5 96 7 V 4 

It is quite striking that the eight-form part of the anomaly in (3.6) is proportional 
to the eight-form that arises as the coefficient of a tadpole in the type IIA theory 
||19j| . Superficially, the origin of the eight-form in (3.6) in the present calculation is entirely 
different from its origin in the IIA theory where it can be obtained, via the anomaly 
inflow argument |[20|| , from the cancellation of a chiral gravitational anomaly in the five- 
brane of the type IIA theory El]. That local anomaly arises from a sum of terms due 



to the presence of two six-dimensional chiral fermions and one six-dimensional self-dual 
antisymmetric tensor potential. The anomaly due to the two fermions descends from 
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the eight- form 2i 1 / 2 while that of the self-dual antisymmetric tensor descends from the 
eight-form I a that is related to the signature of the manifold. The total anomaly in the 
five-brane therefore descends from the expression 

' '2I 1/2 +i A ). (3.7) 



(27T) 

It is possible to eliminate I a in favour of the index of the spin-3/2 operator by using the 
identity 21/ 1 / 2 — ^3/2~ 6 ^ + 8-Ta = which was noted in the discussion of gravitational 
anomalies in |[11|| , for the case in which the dimension-dependent term in I 3 / 2 is set to 



D = 6 (the same dimensionality as the five-brane world volume). However, in our context 
the index iy 2 ~ 10 ^ m (3-5) is defined with D = 10 and the identity becomes 25/i/ 2 — 
^3/2 _1 °^ ^ A = 0- Using this to eliminate I A from (3.7) gives the expression 



0/ f(D=10)\ _ X b 
9^1/2 - ^3/2 = T ' 



(2tt) 4 ■ 8 V 1/2 3 / 2 ; - 4 

that enters as a factor in (3.6). 

The above anomaly calculation is based on the weak coupling IIB Feynman rules, 
but since the value of the anomaly does not depend on the coupling constant it presumably 
has validity beyond perturbation theory. In fact, since the value of the anomaly depends 
on F which is a function of the scalar field r that vanishes for constant r, non-zero values 
for the anomaly generically arise from configurations in which r cannot be restricted to 
small coupling. 

3.1. Local U(l) anomaly cancellation 

As expected, the local U (1) anomaly can be cancelled by adding a local term to the 
action, 

S' = 7-3— [ d 10 x<pF AX 8 (R), (3.9) 



(47T) 

where X 8 is the eight-form defined by (3.8), 

and in our conventions the partition function is defined by the functional integral over the 
fields $, 

Z= I D$e lS[$] . (3.11) 



There is an ambiguity in the definition of (3.9) since <p is a periodic variable of period 
2n. The consistent interpretation of the functional integral in the presence of this term 
therefore requires 

— [d 10 xF AX 8 (R) e Z, (3.12) 
4tt J 

a condition which, as we will see shortly, is automatically satisfied by consistent back- 
grounds. 

Under a local U(l) transformation 

<f>(x) -»• <f>{x) +E(x), (3.13) 

while the other fields in S' are inert. Therefore 5S' = —A and the local anomaly is 
cancelled as required. However, the term S' is not SL(2, 1R) invariant since it follows from 
(2.12) and (2.14) that the field <p transforms as 

S ^ = -U n (?L±l), (3.14) 



2 \cf + d 

under SL(2, 1R) while the other fields in S' are inert. The corresponding anomaly as well as 
the expression in (3.12) vanish automatically provided that the scalar fields are constant 
throughout space since then F = 0. The interesting configurations thus only arise for 
F which is characteristic of F-theory compactifications. 

3.2. SX(2, Z) anomaly cancellation 

A priori one should not expect that the quantum theory maintains the whole 
SL(2,JR) symmetry, but only that an SL(2, Z) subgroup is unbroken. The anomaly in 
this subgroup can be (partially) cancelled by the inclusion of a term of the formS 

?" _ * / jio. 



where g(r) satisfies 



S" = — I d w x In g(r)F A X 8 (R) , (3.15) 



i ,\ 1/2 



g (Ar) = U A [—^) g(r), (3.16) 



4 In a previous version of this paper, a different approach was employed which only worked 
in the specific situation considered there. 
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A is the SL{2, Z) transformation that is defined as in (2.13), and JJ a is a constant phase. 
Under an SL{2, Z) transformation the term S" therefore transforms as 

S A S" = -S A S' + i\nU A — [d 10 xF A X 8 (R) . (3.17) 

Air J 

The anomaly would be cancelled completely if it were possible to have Ua = 1 for all A e 
SL{2, Z), but as we shall demonstrate momentarily, this is not possible. As a consequence 
only the r-dependent term in the anomaly is removed by this term, and the condition that 
SL(2, Z) is unbroken leads to a non-trivial constraint on allowed compactifications. 

The group of SL(2, Z) is generated by the two transformations T : r i— > r + 1 and 
S : t i— > — 1/t subject to the relations 5 12 = 1 = (TS) 3 . In terms of these generators, the 
condition (3.16) becomes 

g(r+l) = U T g(r) 

1/2 (3.18) 



g(-l/r) = U s (£) (/(t), 



where t/5 and C/r are constant phases. Because of the square root in (3.18) there is a sign 

ambiguity, and we therefore only have the relations Ug = 1 = (UtUs) 6 - One solution to 
these conditions is given by 

9o(r) = ^, (3.19) 

where rj is the Dedekind eta-function 

00 

V ( T ) = e inT/12 Y[(l~ e 27TinT ) . (3.20) 

n=l 

In this case 

t/° = e ^ /2 = e l7r/e (3.21) 

since 77 transforms under the generators of SX(2, Z) as 

^(r + 1) = e^ 12 r?(r) 7/(-l/r) = (-zr) 1 / 2 ^^) . (3.22) 

The most general solution of (3.18) can then be written as g(r) = g (T)h(T), where h 
satisfies 

h(r + 1) = U T h(r) 

(3 23) 

h(-l/T) = U s h(r). 
10 



Because of the relations of SL{2, Z), U s = 1 and (UtUs) 3 = 1 (where there is now no sign 
ambiguity) , and the possible values of Us and Ut are 

U s = U s e l7l/2 = ±e in/2 U T = U T e in/6 . (3.24) 

In particular, Us is always a (primitive) fourth root of unity, and Ut is either a twelfth 
root of unity or a fourth root of unity. The former case is realised by the example (3.19) 
above, and an example of the latter case is given by 

2i(r)=So(r)(^y /12 , (3.25) 
where J is the standard modular invariant J-function, and we have 



^(r + l) \ 1/12 _ c2W6 /J»(r)\ 1/12 



J(t + 1)J \J(t) 
J*(-1/t)\ 1/12 _ /J*(r)^ 1/12 



J(-l/r) ) V J(r) 



(3.26) 



In this case Us and Ut generate a Z 4 subgroup of 

It is now clear that the SL(2, Z) anomaly can only be cancelled up to a term of the 

form 

2 ihS Al ° xFhX »' (3 - 27) 

where N = 4 if g has the same transformation properties as gi, and iV = 12 otherwise. 
In order for the SL(2, Z) symmetry to be unbroken, (3.27) must be a multiple of 2n, and 
hence the compactification can only preserve the SL(2, Z) symmetry if 



1 

4n 



d 10 x F A X 8 e 4Z . (3.28) 



This condition guarantees, in particular, that (3.12) is satisfied, and therefore that the 
counterterm S' is well-defined. 

These considerations do not uniquely determine the term 5"'. In particular, a given g 
can always be multiplied by a modular invariant function h without modifying the anomaly 
cancellation. In principle it should be possible to determine the actual form of the term 
S" from a direct string calculation, but we shall not do so here. However, if one were to 
assume that g should be a product of a holomorphic and anti holomorphic function and 
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that In g has a perturbative term that is precisely mC^ /2 then g is uniquely determined 
to be gi defined in (3.25). 

The anomaly can also be understood in the gauge fixed formulation: if we fix the 
gauge by setting <p — 0, the counterterm S' vanishes but the fermion determinant trans- 
forms non-trivially under SX(2,Z) transformations as follows from (2.15). This is again 
compensated by the anomalous transformation of 5"' up to the r-independent terms dis- 
cussed above. 

3.3. F-theory on K3 

In order to exhibit the constraint (3.28) more explicitly, let us consider the simplest 
example in which it leads to a non-trivial condition. This is the theory where type IIB is 
compactified on the euclidean product space S 2 x M 8 that arises by inserting 24 seven- 
branes with locations at points in S 2 . The world- volumes of the branes are wrapped around 
the euclidean eight-manifold M 8 (we are here envisioning a Wick rotation of the signature 
of both the target space and the eight-volumes of the seven-branes) . In terms of F-theory 
this is the compactification on K3 x M 8 . In order for this compactification to preserve 
supersymmetry, M 8 has to be a spin-manifold with a nowhere vanishing chiral spinor. 

In this case, using the fact that J F = 1 p2]] , the consistency condition (3.28) 
simply becomes 

±Jd 8 xX 8 (R) = ^eZ, (3.29) 
where x is the Euler characteristic of the M 8 and we have used the relation 

X = \^P2-p\), (3.30) 



which is true for any eight-manifold with a nowhere vanishing spinor |23[] (and x is the 
density which integrates to the Euler character, x = (27r) -4 I X)- The identity (3.29) also 
enters in discussions of the compactification of type IIA superstrings || , M theory |§ and 
F theory |(J on Calabi-Yau four-folds (CY4). 



Th consistency condition (3.12) under which the U(l) counterterm S' is well-defined 
is in this case 

J d 8 xX 8 (R) = | E 7L. (3.31) 



It was shown in |10[ that for the case of a Calabi-Yau 4-fold, x/6 is always an integer and 



therefore the consistency condition (3.12) is satisfied. It is also true that x/6 is an integer 



for all of the currently known Spin(7) manifolds listed in p4| , |25|1 . It would be of interest if 



this could be proven to be true for all manifolds with a nowhere vanishing spinor. 
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4. Tadpole analysis 

It is instructive to contrast the above calculation with a tadpole analysis of the 
F-theory compactification. The simplest examples of such compactifications can be 



described by the insertion of 24 parallel seven-branes in the type IIB vacuum. Of these, 
up to 18 may be (1, 0) D7-branes while the rest must be other (p, q) seven-branes Ji 

Each of the 24 seven-branes in the F-theory compactification has a term in its world- 



volume action of the form E7|,|28|,E9 



1 1 



48 (2tt) 2 



C (4) pi, (4.1) 



where is the (self-dual) RR 4- form of type IIB, and pi is the first Pontryagin class. 
For every 4-cycle X4 in M 8 for which J x ^ p\ 7^ 0, type IIB theory has a tadpole on 
the compact submanifold X4, and in order to cancel it, we have to include 

N{x ^ 2i T & jk>.Lr (42) 

D3-branes in the vacuum that are points on X4 and extend along the transverse directions. 
Since X$ is a spin manifold, its second St iefel- Whitney class vanishes, and therefore pi/2 
is an integer cohomology class of Xg^ this implies that N(X4) is an integer for every X4. 

We now wish to determine the C*- -* tadpole of the resulting configuration. Without 
loss of generality we may take sixteen of the D7-branes to be (1, 0) seven-branes. Each of 
these has a term [^8 

(2^(24jW C<0,( * ; - 8K) ' <43) 

in its worldvolume action. Since is not invariant under SX(2, 2), it is not immediately 
clear what the contribution of the remaining eight seven-branes is. However, following Sen 
H we can think of these eight seven-branes as corresponding to four orientifold seven- 
planes that have each split into two seven-branes. At least at the point in moduli space 
where these two seven-branes are on top of each other, we can describe them in terms of 



5 The coprime integers p and q label the NS ® NS and charges of the D-strings that 

can end on the various seven-branes. 



6 



The reduction of the first Pontryagin class pi mod 2 is precisely the square of the second 



Stiefel- Whitney wi class on Xs, and thus vanishes for spin manifolds [ 30 . 
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orientifold planes, and we can thus summarize their gravitational effects by a world- volume 



action of the form [31 



1 1 

(XF (24) 2 20 



J C<°> (27p 2 - Up 2 ) . (4.4) 



Taking the contributions of the sixteen D7-branes (4.3) and the four orientifold seven- 
planes (4.4) together, the total contribution of the 24 seven-branes to the tadpole 
becomes 

'-(^L c(o, (>?-«+^) 

i r » 2 ( 5) 



24 (2tt) 4 J m s 96 

where we have again used the identity x = 8(4^2 — Pi)- We also have to include the 
tadpole contribution of the D3-branes, each of which has the term 

1 1 



(2tt) 2 48 



C (C V , (4.6) 



in their world- volume action. For every 4-cycle X4, there are N(X^) D3-branes that extend 
along the transverse directions, and the total contribution of the D3-branes to the 
tadpole is therefore 

x 4 (4.7) 

= Wf jkf J M s Vl Ci0) = - ^ Wf l M s Vl C(0) ■ 

Thus taking Ij and I3 together, the total C*- -* tadpole is — x/24 which can be 

cancelled by the inclusion of x/24 D-instantons, provided that x is again divisible by 24. 



As explained in |10|], the configuration breaks supersymmetry unless the D-branes 
that are added to the background in order to cancel the tadpoles are branes rather than 
anti-branes. This leads to a further restriction on the signs of (4.2) and x- It is difficult 
to establish these signs from first principles, but we can determine them by considering 
special examples. For example, the compactification on K3 x K3 preserves supersymmetry, 
and since j^ji JksP 1 = — ^8 an< ^ XK3xK3 = 24 2 , we deduce that x has to be a positive 
integer and N^X^) a negative integer. 

The above analysis applies to an arbitrary 8-dimensional manifold that has a co- 
variantly constant spinor, including Calabi-Yau four-folds and Spin(7) manifolds. The 
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Spin(7) manifolds constructed by Joyce [S3] all have Euler character % = 6 • 24 (and 
signature a = 64), and thus satisfy the above condition. Additional Spin(7) manifolds 
have been found for which the signature is different from 64, but the Euler character of all 



known examples is divisible by 24 |25[] . These examples all arise as blow-ups of (symmetric) 
geometrical toroidal orbifolds, and one may expect that the corresponding string theory 
(or .F-theory) is necessarily consistent. This would 'explain' why the Euler character of 
all of these examples is divisible by 24. This explanation should also apply in the case of 
compactifications on Calabi-Yau four-folds, which generically have Euler characters that 
are multiples of 6 only []10| . There again, the consistency of string compactifications should 
imply that any four-fold that is constructed by blowing up a symmetric orbifold should 
have an Euler number that is a multiple of 24. 



5. Relation to the heterotic string 

The compactification of F theory on (elliptically fibred) K3 is supposed to be equiv- 
alent to the heterotic string compactified on T 2 ||26|| . and thus the same F-theory fea- 
tures that we have discussed should be apparent from the point of view of the het- 
erotic string. The eight-dimensional theory has a duality symmetry group which contains 
SL{2, 7L) x SL(2, Z), where the two SL(2, Z) are associated with transformations of the 
Kahler class and the complex structure of the two-torus, T 2 . For comparison with the 
F-theory discussion it is sufficient to consider generic Wilson lines on T 2 which break the 
heterotic gauge symmetry to U(l) 20 . The eight-dimensional low energy action, which is 
the Einstein-Maxwell action of [ |32"| , |33|| with eighteen vector multiplets, has chiral couplings 
that give rise to an anomaly in a U(l) current that is embedded in an SX(2, H) subgroup 
of the classical symmetry group of the theory. This U(l) anomaly of the eight-dimensional 
supergravity theory is essentially the same anomaly that we discussed earlier in a some- 
what different F-theory guise. As before, the anomaly can be expressed as a local U(l) 
anomaly together with an anomaly cancelling term that does not preserve SX(2,Z). In 
this case the local anomaly has the form, 

J d 8 x(X 8 + 12I 1/2 ) E(x) (5.1) 

and the anomaly cancelling term has a form analogous to (3.9). This term again induces 
an SL(2, Z) anomaly that can be partially cancelled by a term analogous to (3.15). When 
the theory is compactified on an eight- manifold M 8 , the whole of SX(2, Z) is unbroken 
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provided that f X%/A = x/24 is again an integer; since f 3Ii/ 2 is always integer, the second 
term in (5.1) does not affect this result. 

Another problem with the eight-dimensional heterotic string, arises from the well- 
known term that is associated with the cancellation of ten-dimensional gravitational (and 
gauge) anomalies. After compactification on T this term has the form J d 8 xBYg(R), 
where B = Bg 10 and |34| 



Upon further compactification on M 8 this gives rise to a B tadpole which is the same as 
the C(°) tadpole arising from the compactification of the 24 F-theory seven-branes in the 
last section. This tadpole is cancelled by wrapping the world-volumes of N(X4) five-branes 
around the torus and the transverse four-cycles in M 8 , and by wrapping the world-sheets 
of x/24 fundamental strings around T 2 . Again this is only possible if x/24 is a positive 
integer. 



To summarize, we have seen that type IIB supergravity has a local U(l) anomaly that 
can be cancelled by a local counterterm which induces an anomaly in the global SL(2, IR) 
transformations; this means that SL(2, IR) is not a symmetry of the theory. However, 
the r-dependence of the anomaly in an SL(2, ~K) subgroup is cancelled by the inclusion 
of another term (S") and the remaining r-independent anomaly is irrelevant in the path- 
integral provided that the background satisfies a certain topological restriction. For F- 
theory compactifications of the form K3 x M 8 , the requirement is that the Euler character 
of the eight-dimensional manifold is a multiple of 24. This condition is compatible with 
(although slightly weaker than) the condition that arises from the requirement of tadpole 
cancellation in F-theory compactifications. Similar considerations also apply to the dual 
heterotic string theory. 
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